January 2018, Q1

R=CI[x,Y, z]
l=(x,y)

a.) Prove that | is a prime ideal. R/:L_ - @ [_1] (J' O "';")

b.) Let J = (xA2, y"2). Prove that if f_1 ... f_n belongs to J, then there is a subset of {f_1, ...,
f_n} of at most three polynomials whose product belongs to J.
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necessary) because | is prime

If f_1 belongs to J, then we are done. Suppose that this is not the case. In particular, there
exist some polynomials a, b in R such that f_1 = ax + by and either a is not divisible by x or
b is not divisible by y. Because f_1 ... f_n belongs to J, there exist polynomials ¢, d in R
suchthataxf_2...f_n+byf2..fn=f1..fn=cxA2+dyr2.
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Proceed by cases. This method is tedious.
We can also use the multidegree method.
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1.) If deg_x(a) = 1, then deg_y(f_2) (after rearranging). Otherwise, deg_x(f_2) = 1.
2.) If deg_y(b) = 1, then deg_x(f_3) = 1 (after rearranging). Otherwise, deg_y(f_3) = 1.

At any rate, the product f_1 f_2 f_3 belongs to J.
C.) Let K = (xN2 yn2, xA2 zA2, yN2 zN2). Prove that if f_1 ... f_n belongs to K, then there is a

subset of {f_1, ..., f_n} of at most nine polynomials whose product belongs to K.
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August 2016, Q1
Let R be a commutative unital ring with units U(R).
a.) Prove that U(R) is a multiplicative abelian group.

b.) Let R = Z[x]/(x"2). Prove that U(R) is isomorphic to Z x (Z/2Z).
R= qox+ bT | e,be £}
(c,._:?-l- bTJ(L:T-HLT) = (ad +be)x +hd1l e W(R)

ad+bc =0
bd = |
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a=+C



w(r) = (axtT | 0e2’

Because this is a group homomorphism, we need \varphi(1) = (0, 0)

W0 ILL"‘) — Zx 28. and \varphi(-T) = (0, 1).
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Define \varphi(ax + 1) = (a, 0) and \varphi(ax - 1) = (-a, 1). This is an isomorphism.



January 2018, Q2

LetG =Zx Z
a.) Give a nontrivial element (a, b) in G such that G/<(a, b)> is torsion-free.

b.) Let H_1 = <(a, 0)> and H_2 = <(0, b)>. Prove that G/(H_1 x H_2) = Z/<gcb(a, b)> x Z/<lcm(a, b)>.
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The column space of A is H_1 x H_2; the column space of SNF(A) is <gcd(a, b)> x <lcm(a, b)>. By the
theory of Smith Normal Form, G/(H_1 x H_2) is isomorphic to Z/<gcd(a, b)> x Z/<lcm(a, b)>.
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